ANALYSIS OF JUMP PROCESSES WITH NONDEGENERATE 

JUMPING KERNELS 



MORITZ KASSMANN AND ANTE MIMICA 



Abstract. We prove regularity estimates for functions which are harmonic with 
respect to certain jump processes. The aim of this article is to extend the method 
of Bass-Lcvin[BL02 and B o gdan- S z t onvk [B S 5] to more general processes. Fur- 
thermore, we establish a new version of the Harnack inequality that implies regu- 
larity estimates for corresponding harmonic functions. 



1. Introduction 

Let a G (0, 2). We define a non-local operator C by 

Cf{x) = [ {f{x + h)- f{x) - (Vf{x), h) l { | h ,<i } )n(z, h) dh, (1.1) 

JR d \{0} 

for / G C%{R d ). Here n: R d x (W. d \ {0}) — > [0, oo) is a measurable function with 

c x \h\- d - a < n(x, h) < c 2 \h\- d - a (1.2) 

for every h G M d \ {0}, any x G M d and fixed positive reals C\ < c<i- Note that 
n(x,h) = \h\~ d ~ a for every h implies Cf = — c(a)(— A) a ^ 2 f with some appropriate 
constant c(a). 

In [BL02J it is shown that harmonic functions with respect to C satisfy a Harnack 
inequality in the following sense: There is a constant C3 > 1 such that for every ball 
Br the following implication holds: 

/ > in R d , f harmonic in B R =>• Vx, y G B R/2 : f(x) < c 3 f(y) . 
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In |BL02] it is also shown that harmonic functions with respect to C satisfy the 
following a-priori estimate: There are constants £ (0, 1), C4 > 1 such that for 
every ball Br the following implication holds: 

/ harmonic in B R \\f\\cf>(B^) ^ c 4 



This result and its proof recently generated several research activities, see the short 
discussion below. Our aim is to prove similar results under weaker assumptions on 
the kernel n. 

Let us be more precise. We consider kernels n : R d x (R d \ {0}) ->• [0, 00) that satisfy 
for every x, h £ ~R d , h ^ 

n(x,h) = n(x, —h) (1.3) 

and 

h(±)j(\h\)<n(x,h)<h(±)j(\h\) (1.4) 

where ki,k 2 : S 1 — > [0, 00) are measurable bounded symmetric functions on the 
unit sphere satisfying the following conditions: There are 5 > 0, N <E N, E\, . . . ,En > 
and 771, . . . , 7] N e S*- 1 such that for Si = S^ 1 n (Bfa, e 4 ) U B(-r]i, £,)) 

N 

MO > > ^ if C e IJ $ and M£) = k i(0 = otherwise. (1.5) 



Let j : (0, 00) — >■ [0, 00) be a function such that / Md (k| 2 A 1) j(|z|) cfc is finite. We 
assume further: 



(Jl) There exists a £ (0,2) and a function £: (0,2) — > (0, 00) which is slowly 

£(Xr) 

varying at (i.e. lim = 1 for any A > 0) and bounded away from 

and 00 on every compact interval such that 

tit) 

jit) = for every < t < 1 . 

(J2) There is a constant k > 1 such that 

j(t) < nj(s) whenever 1 < s <t. 



In order to establish regularity estimates we need an additional weak assumption. 
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(J3) There is o > such that 

limsupi? CT / j(\z\)dz < 1 . 

_R— 5>oo J 

\z\>R 

If this condition holds, then one can always choose a £ (0, a). 

Remark 1.1. The symmetry assumption U.3\) is used only in Proposition \2.4\ and 
can be dispensed with if a £ (0, 1). 

Example 1: If a kernel n satisfies condition (11. 2p . then it also satisfies (J1)-(J3). 
Choose N = 1, ei = 4, i.e. Si = S d ~\ k x = 5 = a, k 2 = c 2 , j(s) = s~ d - a in fOD . 
£ = 1 in (Jl), ft — 1 in (J2) and a £ (0, a) arbitrarily in (J3). In general, (J1)-(J3) 
hold for jumping kernels corresponding to stable processes, stable-like processes and 
truncated versions. Sums of such jumping kernels can be considered, too. 

Example 2: Let N £ N, r)x, . . . , tjn £ S^ -1 and E\, . . . , be positive real numbers 
such that the sets Si = fl (B(r]i,Ei) U B(~r]i, Ei)) are pairwise disjoint for 

N 

i = 1, . . . , N. Set B = [j Si. Let k\ = 51b for some 5 > and fc 2 = cfci for some 

4 = 1 

c> 1. Let = « -d ~ Q for s > 0. Then our assumptions are satisfied if (ll.4j) and 
(jl.3p hold true. For the particular choice where a; i— )■ ft.) is constant (case of 
Levy process), this class of examples is treated in |BS05t p. 148], where it is shown 
that for N = oo the Harnack inequality fails. 

Given a linear operator £ as in (II. lj) we assume that there exists a strong Markov 
process X = (X t , F x ) with paths that are right-continuous with left limits such that 
the process 

f(X t )-f(X )- [ Cf(X s )ds 



'0 ) t>0 

<>d „„J £ r- r<2/m>d\ 



is a ¥ x - martingale for all x £ M and / £ C^(R ). We say that a bounded function 
/ : W 1 — y R is harmonic with respect to C in an open set f2 if /(X min (i )Tf2 ,)) is a 
right-continuous martingale for every open Q' C M d with Q' C fi. 



We can prove the following version of the Harnack inequality. 

Theorem 1.2. Assume (Jl) and (J2). There exist constants Ci,c 2 > 1 such that 
for every xq £ M d , r £ (0, |) and ei>en/ bounded function f : M. d — > IR which is 
non-negative in B(xo,4r) and harmonic in B(xo,4r) the following estimate holds 

f{x) < c x f(y) + c 2 ( ) sup / f-(z)n(v,z - v) dz 

\t{ r )/ veB(x ,2r) J B{x ,ArY 

for all x, y £ -B(xq, r). 
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Remark 1.3. If f is, in addition, non-negative in all of M. d , then the classical 
version of the Harnack inequality follows, i.e. for all x,y £ B(x ,r): 

f(x) < Cl f(y) . 



As a corollary to the Harnack inequality we obtain the following regularity result. 

Theorem 1.4. Assume (Jl), (J2) and (J3). Then there exist (3 £ (0,1), c 3 ,c 4 > 1 
such that for every x £ ~R d , every R £ (0, 1), every function f : M. d — >■ R which is 
harmonic in B(x ,R) and every p £ (0,i?/2) 

sup \f(x)-f(y)\<c 3 \\f\Up/Rf J (1-6) 

x,y£B(x ,p) 

m particular \\f\\ cH B{x0:R/2) ) < c 4 ||/||oo • (1-7) 



Let us comment on the differences between our results and those of [BL02J: 

(1) We can treat kernels n(x, h) for which the quantity 

inf MmM l{ft 6 B(0.r) ; n(,,»=0}| 
x£ M.d r ^o+ \B(0,r)\ 

is arbitrarily close to 1, e.g. n(x, h) as in ( 11. 9ft . 

(2) For fixed x £ lR d , upper and lower bounds for n(x, h) may not allow for scaling. 

(3) Large jumps of the process might not be comparable, i.e. the quantity 

{n(x hi) 
7 — — r ] \x — y\< 1, \hi - h 2 \ < 1, \h 2 \ + \hx\>2 
n(y,h 2 ) 

might be infinite. 

(4) We establish a new version of the Harnack inequality and derive a-priori Holder 
regularity estimate as a consequence. In a different setting, this procedure was 
recently established in |Kasj . 

The constants in the main results of our work and [BL02J depend on a. It would be 
desirable to adopt the technique further such that results would be robust for a — > 2. 
Under an assumption like (II. 2p . this has been acheived with analytic techniques in 
plQ6] and [Kasj . 



Comparing our results to the local theory of second order partial differential equa- 
tions, a natural question arises: Which is a natural class of kernels n such that 
similar results hold true? 
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We call a kernel n of the above type nondegenerate if there is a function N : (0, 1) — > 
(0, oo) with lim N(p) = +oo and A, A > such that for every p 6 (0, 1) and x G M. d 

the symmetric matrix [A^(x)]fj =1 defined by 

A p ij (x) = N(p) j h l h j n(x,h)dh. 

{0<\h\<p} 

satisfies for every (6l <i 

x \z\ 2 < E4(^< A ^' (1-8) 



If n depends only on h and N(p) = p a ~ 2 , then this condition implies that the corre- 
sponding Levy process has a smooth density, see [Pic96] . Note that condition ( 11.2ft 
implies the nondegeneracy condition (II. 8p with N(p) = p a ~ 2 but is not necessary, 
just consider the example 

n(x,h) = \h\- d - a l {lhll > . mW} . (1.9) 
Note that ( II. 8p holds under our assumptions. 



Let us comment on other articles that generalize the results of |BL02j . Note that 
we do not include works on nonlocal Dirichlet forms. [SV04] gives conditions on 
Levy processes and more general Markov jump processes such that the theory of 
[BL02] is applicable. In |BK05a] the theory is extended to the variable order case 
and to situations where the lower and upper bound in (ll.2p behave differently for 
\h\ — > 0. In these cases, regularity of harmonic functions does not hold. Regularity is 
established in [BK05bJ for variable order cases under additional assumptions. Fine 
potential theoretic results are obtained in |BSS02t IBS05] for stable processes. The 
case of Levy processes with truncated stable Levy densities is covered in [KS07J 
and generalized in (MimlOj . As mentioned above there is an independent approach 
with analytic methods developed in [Sil06t ICS09] covering linear and fully nonlinear 
integro-differential operators. 

Notation: For two functions / and g we write f(t) ~ g(t) if f(t)/g(t) — > 1. For 
A C M. d open or closed ta denotes the first exit time of the Markov process under 
consideration. Ta denotes the the first hitting time of the set A. 



Acknowledgement: The authors thank an anonymous referee for pointing out 
that the previous version of assumptions (II. 4p . (11.51) was overly general. Example 2 
was added in order to motivate these assumptions. 
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2. Some probabilistic estimates 



In this section we prove useful auxiliary results. We follow closely the ideas of [ BL02] . 
However, we need to provide several computations because of the appearance of a 
slowly varying function in (Jl). The proofs of Proposition 12.71 and Proposition 12.91 
are significantly different from their counterparts in |BL02j . 

The following proposition will be used often in obtaining probabilistic estimates. 

Proposition 2.1. Let A, B C M. d be disjoint Borel sets. Then for every bounded 
stopping time T 



E x 

for every x G 



,s<T 



{X s _&A,X a £B} 







= E x 


If J 

J0 J B 



[ [ l A (X 8 )n(X a ,u- X s )du 
Jo JB 



Proof. By [BL02, Proposition 2.3] it follows that the process 

y^A{Xs-€A,x s €B} - J j lA(X s )n(X s ,u- X s )du 



s<t 



t>0 



is a P x -martingale. Therefore the result follows by the optional stopping theorem. 

□ 



The following result, taken from the theory of regular variation, will be repeatedly 
used throughout the paper. 

Proposition 2.2. Assume that I: (0, 2) — > (0, oo) varies slowly at and let (3i > — 1 

and 02 > 1- Then the following is true: 



r 



(i) / u Pl £(u) du~ 

'o -L + Pi 



(r) as r — )■ 0+ ; 



r 



i-ft> 



! u ) / u du ~ - 

<r P2 — 1 



(r) as r — >• 0+. 



Proof. By a change of variables and using [ BGT87t Proposition 1.5.10] we obtain 



u p H(u) du 



u^- 2 t[u- x )du 
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since u h-> i{u x ) varies slowly at infinity. This proves (i). Similarly, with the help 
of [BGT871 Proposition 1.5.8] we obtain (ii). □ 



Remark 2.3. Using |BGT87[ Theorem 1.5.4] we conclude that for a function £: (0, 2) — > 
(0, oo) that varies slowly at there exists a non-increasing function <ft: (0,2) — > 
(0, oo) such that 



r 



lim 

r-»o+ <p(r) 



1. 



Before proving our main probabilistic estimates, note that (jl.5p implies that there 
exists i? G (0, 7r/2] such that for every z G {1, . . . , iV} 



n(x,h)>8j(\h\) for all heM. d , h ^ 0, li^lMJ > cos ^. 

At 



(2.1) 



2.1. Exit time estimates. 

Proposition 2.4. There exists a constant C\ > snc/i i/iai /or every x G 
r G (0, 1) andt>0 

^°{T BM <t)<c/-^. 



Proof. Again, we closely follow the ideas in |BL02j . Let xo G M rf , r G (0, 1) and let 
/ G C 2 (IR d ) be a positive function such that 



/(*) 



and 



dxi 



\x — Xq\, \x — Xq\ < | 

r 2 , \x — Xq\ > r 
d 2 f 



,x 



<C\r and 



dxidxj 



x 



< Ci, 



for some constant C\ > 0. 



Let x G B(xo,r). We estimate Cf(x) in a few steps. 



First 



[ [f(x + h)- f(x) - (V/(x), /i)l { | h |<i } ) n(z, /i) d/i 

JB(xn,r) 



' B(xo,r) 

< c 2 / |/i| 2 n(a;, /i) dh < c 2 / |/i 

JB(x ,r) J B{x ,r) 

< c 3 r 2 - a £(r), 



2-d-a 



£{\h\)dh 
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where in the last line we have used Proposition 12.21 (i). Similarly, by Proposition 12.21 
(ii) on B(x ,r) c we get 



(f(x + h) - f{x)) n(x, h) dh < \\f\\oo / ri(x, h) dh 

B(x ,r) c J B(x ,r) c 



< H/lloo / \h\-"- a £(\h\)dh+ / n(x,h)dh 

\J B(x ,l)\B(x ,r) JB(x ,iy 

< cir 2 (c 4 r- Q £(r) + c 5 ) < c 6 r 2 " a £(r). 

In the last inequality we have used the fact that lim r~ a £(r) = oo (cf. [BG T87| 

i — >o+ 

Proposition 1.3.6 (v)]). Finally, by symmetry of the kernel, we have 

(h,Vf{x))n{x,h)dh = 0. (2.2) 

B(x lh l)\B(x ,r) 

Therefore, by preceding estimates, we conclude that there is a constant c 7 > such 
that for all x G R d and r G (0, 1) 

Cf(x) < c 7 r 2 - a £{r). (2.3) 

It follows from the optional stopping theorem that 

P /(W r) )-/W=P» / Cf(X s )ds<c 7 tr 2 - a £(r), t > 0. (2.4) 

Jo 

On {r B{x0)r) < t} one has X tATfl(io>r) £ B(x ,r) and so f(X tATB(xQ r) ) > r 2 . Then 
dH gives 

r xo {r BM <t)<c 7 tr~ a £{r). 

□ 

Proposition 2.5. There exists a constant C 2 > suc/i t/iat /or every r G (0, 1) and 



x G R d 



inf E y r B(a . 0jr) > C 2 - 



yeB(x ,r/2) t{r) 

Proof. Let r G (0, 1), Xq G lR d and y G B(xo,r/2). Using Proposition 12.41 we obtain 

W y {T B{xo>r) <t)< W{r B{y , r/2) <t)< C x tr- a i{r) for t > 0. 

Let 

to= 2CAr)' 

Then 

Wt bM > t F y (r BM > t ) > 



2C 1 £{r) 

□ 
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Proposition 2.6. There exists a constant C3 > such that for every r G (0, |) and 

x eR d 



sup Wr B{X0:r) < C 3 — 

y€B(x ,r) t{r) 



Proof. Let r G (0, |), Xo G M d and ?/ G B(xq,t). Denote by S the first time when 
process (X t ) t > has a jump larger than 2r, i.e. 

S = mf{t > 0: \X t -X t _\ > 2r}. 

Assume first that F y (S < £?) < ~. Then by Proposition 



/j l{|X s -X s _|>2r} 

- l{r) 

AS r 

n(X s ,h)dhds (2.5) 

B(0,2r) c 



?(r)' 



Choose arbitrary £ G {771 , . . . , rj N } and let $ be as in (12.11) . Then 



n(X s ,h)dh> / n(X s ,h)dh 

B(0,2r) c J|fegR d : 2r<|fe|<l, ^ff^ >costf| 

£(\h\) 



> S 



|fegR d : 2r<|fe|<l, K ' | fo >l >costf} 1^1 



Z 1 ^(*) , ?( r ) 

> ci / -rr-dt > c 2 — 



2r 



t 1+c 



where in the last inequality we have used Proposition 12.21 (ii). Using this estimate 
we get from (12.51) the following estimate 



~~ £(r) J r a 



AS 



r 



Therefore, in any case the following inequality holds: 



F y S < 



1 . c 2 



> - A 



£(r) J ~ 2 2 ' 
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Since S > TB( Xo ,r) we conclude 



V"[t BM < W) )>V^S< W) )>cs, 
with C3 = | A y. By the Markov property, for m G N we obtain 



P ' M T B(x ,r) > 77T S T B (x ,r) > m 



< (1 - c 3 )P J/ r B( , 0ir) > 



r 



m- 



£(r), 

where # s denotes the usual shift operator. By iteration we obtain 
V y (tb M > < (1 - c 3 ) m , m G N. 

Finally, 

E y r B(z0ir) < ^— J^im + l)P y ( r BM > m 



r A — ' \ t[r 

m=o v v 1 



^7rrE( m + 1 )( 1 - c 3) m < c 4- 



□ 



2.2. Krylov-Safonov type estimate. Fix ■§ G (0, tt/2] such that ( 12 .ip holds. 

Proposition 2.7. Let A G (0, . There exists a constant C4 = C±{X) > such 
that for every x G M d ; r G (0, ~), closed set A C B(xo, Ar) and x G B(xq, \r), 

\A\ 



¥ X (T A < r BM ) > C 4 



\B(x ,r)l 



Proof. Choose arbitrary £ G {r]i, . . . ,777V } and set Xq = Xq — ~£ - The idea is to 
choose A G (0, |] such that 

l( "-^ o)l >cos^ (2.6) 
\u — v\ 

for all u G B(x ,2Xr), v G B(x ,2\r). Since for every u G 5(xo,2Ar) and v G 
5(x ,2Ar) 
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Figure 1. The choice of x and A. 
it is enough to choose A G (0, |] such that 



or, more explicitly, 



1 - (8A) 2 > cos??, 

sin •& 
A < — . 



For s > we denote B(x , s) and B(x , s) by B s and B s . Let r G (0, 1), A G (0, 

x G B\ r and let A C £>Ar be a closed subset. The strong Markov property now 

implies 



< t Bt ) > w [x TB2xr g B Xr ,x TS2Xr o ^ G A 



(2.7) 



For every y G i?Ar and t > Proposition 12.11 and (12.61) yield 



S<Tg At 
- B 2\r 



{X s -jtX s ,X a eA} 



E y 



To . At 



n(X s , z — X s ) dz ds 



> 5E y 



B 2\r 



t(\z-X*\) 
\z-XA d + a 



dz ds 
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Letting t — > oo and using the monotone convergence theorem we deduce 

T B 2 , r f £(\z-X s \) 



y 



J A 



\ z -XA d + a 



dz ds 



Since \z — X s \ < r/2 + 4Ar < r, by Remark 12.31 we conclude 

W(X T ^ r EA) > Cl ^\A\Wr, 2Xr 

>^(r)i^r- Q E^ 2Ar 



Using Proposition 12.51 we deduce 



Since i varies slowly at we finally obtain 

Wi ~ Xr B 2Xr eA )^ fOT a11 y G ^Ar, (2-9) 

for some constant C4 = 04(A) > 0. By symmetry and (12. 9p we deduce 

\B I 

¥ x (X TB2Xr G B Xr ) > c 4 l -J^ for all x G 5 Ar . (2.10) 
Finally, by (EZD, (EH]) and ( l2~T0l) we get 

141 



2\d 



F*(T A < r Br ) > c\\ 



\B r 



□ 



2.3. Restricted Harnack inequality. The aim of this subsection is to establish 
a Harnack inequality for a restricted class of harmonic functions. 

The following lemma can be proved similarly as |Miml0t Lemma 2.7]. 

Lemma 2.8. Let g: (0, 00) — y [0, 00) be a function satisfying 

g(s) < cg(t) for all < t < s, 

for some constant c > 0. There is a constant d > such that for any xq G M. d and 
r > we have 

g{\z-x\) < c'r- d / g(\z-u\)du, 

JB(x ,r) 

for all x G B(xo,r/2) and z G B(xq, 2r) c . 
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Proposition 2.9. There is a constant \ G (0, j^) so that for every A G (0, A ] 
there exists a constant C$ = Cs(A) > 1 such that for all xo G M> d , r G (0, \) and 
x,y G B(x , Ar) 

/or ever?/ non-negative function H : — » [0, 00) supported in B(xo, 3r/2) c . 

Proof. Let x G R d , r G (0, |) and let x,y E B(x , Ar), where A G (0, A ) and A G 
(0, -L) is chosen later. Ao will depend only on constants in our main assumptions. 
Take z G B(xq, 3r/2) c . There are only two cases. 

Case 1: There exists u G B(x , Ar) so that n(u , z — u Q ) > 0. 

Case 2: n(w, z — u) = for all u G S(xo, Ar). 

We consider Case 1. By (11.41) and (11.51) there exist £' G {±^1, . . . , ±^at} and i?' G 
(0, f ] with 

(z-m ,Q 

— j j — > cos?/ . 

\Z - Uq\ 

Note that i?' depend on Uo, z, £0 and r but > $ uniformly with $ as in ( 12.11) . 

Set x = x — |£' and take A < s rrp. Let _B S := B(x , s) and _B S := B(x , s). As in 
(12. 6p . for A < Ao we have 

\{u-v,?)\ 



\u — v\ 



> cos£' for all u G B 2Xr , v G B 2 \ r 



Choose z G dB r / 2 so that the following conditions hold: 

2|z — w\ < \z — u\ for all u G B 2 \ r , w G B(z , ^f) , 
' W > costf' for all v G B 2Xr , w G 5(z~ , Am 



\w — v\ 



4 / ' 



(2.11) 



(z — m f) 

' W > cos??' for all w G B(z , 



z — u» 



In the appendix we briefly explain the geometric argument behind the choice of 
z g dB r/2 . 



14 MORITZ KASSMANN AND ANTE MIMICA 

Let B' s = B(zq,s). By the strong Markov property, 

'"TBr 



n(X s , z — X s ) ds 



> E y 

= E y 
= E y 



n(X a ,z- X s )ds;X T „ G B 



>Xr 



n{X s , z-X s )ds\o 9 TB2Xr ■ X TB2Xr E B 



Xr 



TB r 



n(X s , z — X s ) ds 



; X TB G B 



(2.12) 



Similarly, for v G B\ r we have 
E v ' 



Uo 



n(X s , z — X s ) ds 


> E v 


E B 2Xr 


11 











n(X s , z — X s ) ds 



; X T G B xr ■ 

u 2Xr ~% 

(2.13) 



Let w G B'^. Then (Jl), (J2), Proposition ES] and (I2TTTT) yield 



E" 



n(X s , z — X s ) ds 



o 

> ciE" 



> E w 


[I 







Xr 
T 



n(X s , z — X s ) ds 



j(\z-X s \)ds 



uo 



>c 2 E w r B ^(AXr)- d j j(\z-u\)du 

BiXr 



Xr 



„ol— d 



>c 3 A 



a— d 



— i 



j(\z-u\)du. 



(2.14) 



Combining fl2~T2]) . (12TT31 and fl2THj) we obtain 



E y 



/ n(X s ,z - X s ) ds 
Jo 



>c 3 A 



a—d 



„a—d 



v 4 J J B^Xr 



j(\z-u\)duEy F X ^xr(X T ^ eB'^-x^ eB x , 



Similarly as in the proof of Proposition 12.71 we obtain, for some C4 = 04(A) > 



F V (X T - G B'xr) > c 4 for all v G B Xr 

B 2Xr "8 



and 



F U (X TB G B Xr ) > c 4 for all u G B 



Xr 
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Therefore, 



T B r 



n(X s , z — X 3 ) ds 



> c 5 - 



'("4") J B ±>,r 



j(\z-u\)du. (2.15) 



On the other hand, by Proposition 12.61 and Lemma 12.81 



E x 



n(X s , z — X s ) ds 



T B, 



j{\z-X s \)ds 



<c 7 Wr B ^r)- d I j(\z-u\)du 



<c 8 



,a—d 



i(2Xr) 



j(\z - u\)du. 



(2.16) 



Ba 



It follows from (1215]) and (l2~T6l) that 



T B, 



n(X s , z — X s ) ds 



< c 9 W 



TB r 



n(X s , z — X s ) ds 



(2.17) 



Next, we consider Case 2, i.e. n(u,z — u) = for all u G B(xo,Xr). Also in this 
case, assertion (12.171) holds true, because 



W 



r B, 



n(X s , z — X s ) ds 
n(X s , z — X s ) ds 



Uo 



> 



0. 



(2.18) 



We have shown that (12.171) always holds. It is enough to prove the proposition for 
H = 1a, where A C B(xq, 3r/2) c . We conclude from Proposition 12.11 and ( 12. 17ft 
that 



Fy(x TBr e A) = I w 

< A 



TB r 



n(X s , z — X s ) ds 



> c, 



-1 



Uo 



dz 



n(X s , z — X s ) ds 



'A Uo 



dz 



c % l W{X T „ E A). 



□ 
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3. Harnack inequality 



In this section we prove Theorem 11.21 



Proof of Theorem M.Sk Since / is non-negative in 5(xo,4r), we may assume that 
inf f(x) is positive. If not, we would prove the claim for f e = f + e and 

x£B(xo,r) 

then consider e — > 0+. By taking a constant multiple of / we may further assume 
inf f(x) = |. 

x£B(xo,r) 

Choose u G B(xo,r) such that f(u) < 1. By Proposition 12.61 and using properties 
of slowly varying functions we can find a constant c\ > such that for all u,v G M d 
and s G (0, r] 

EV BK2s) < Cl ^- and E u r BM < c x -^— (3.1) 



sin 'd 1 
' 16 -I 



From Proposition 12.71 we deduce that there is a constant c 2 > and A G (0 
such that for all A C B(xq, 2Xr) and y G £>(xo, 2Ar) 

P-PU < r BMr) ) > ^^Ljy- (3-2) 

Similarly, by Proposition 12. 71 we see that there exists a constant C3 G (0, 1) such that 
for every x G R d , s < r and C C 5 (a;, As) with \C\/\B(x, As) | > | 

P x (Tc; < r B(:C)S) ) > c 3 . 

The idea of the proof is to show that / is bounded from the above in B(x , r) by 

04(1 + -—^- sup / f~(z)n(v, z — v) dz 

\ "\ r ) v£B(x ,2r) J B(x 0) ir) c 

for some constant C4 > that does not depend on /. This will be proved by 
contradiction. 



Define 



where C5 is taken from Proposition 

Assume that there exists x G B(x , y) such that f(x) = K for some 



K > max 



2 

A^o 2-8 d \- d K 
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where 

K = 1 + cxjt-s sup / / (z)n(v, z-v) dz. (3.4) 

^Vl v£B(x ,2r) J B(x ,Ar) c 

Let s = r. Then s < § and 

\B(x,Xs)\ = ^-\B(x ,2r)\. 
C2CK 

Set £> s . := B(x, s) and r s := tb( x , s )- Let A be a compact subset of 

A' = {w G B(x, As) : /(w) > C^}- 
By the optional stopping theorem, (13. ip . (13. 2p and Proposition 12.11 

l>f(u)=E u [f(X TAATB ^ 2r) )} 

> E u [f(X TAATB{xo2r) );T A < T B(x0!2r) ] - E u {f~ (X TAATB(xo2r) );T A > r B{x0y2r) ] 

> (KF U (T A < r B{x0i2r) ) - W[f-{X TBM )\ 



CK¥ u {T A <T B{x0t2r) )-W 



T S(x ,2r) 



/ (z)n(X t , z — X t ) dzdt 

B(x Ar) c 



> c 2 (K U } A \ n -cx£x sup f f (z)n(v,z-v)dz. 

\r>{X , Zr)\ veB(x ,2r) JB(x ,4r) c 

Using (13.41) we obtain 
\A\ 



\B(x,Xs)\ 



< 



^ I 1 l r ° f f-r \ ( W \B(x ,2r)\ 

< 1 + Ci-— - sup / / (z)n(v,z — v)dz 1 



r) veB( X0 ,2r) Jb(xoM c J c 2 C,K\B{x,Xs)\ 

K \B(x ,2r)\ _ x 



c 2 (K \B{x,Xs)\ 2 ' 
which implies 



\A'\ < 1 



\B(x,Xs)\ ~ 2 
Let C C B(x, Xs) \ A' be a compact subset such that 



|C| >l (3.5) 



\B(x,Xs)\ ~ 3' 



Let H = f + t B c . Assume that 

E*[H(X T J] > rjK. 



(3.6) 
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Then for any y G B(x, As) we have 

f(y) = Wf{X T .) = V?f+(X T .) - Pf(I Ts ) 

= Wf + (X Tm ) - Ey[f-(X Ta );X Ta ft B(x ,4r)} 

> W[f+{X Ts )-X Ts £ B 3s/2 ] - W[f-{X Ts )-X Ts £ B(x 0l 4r)]. 

Applying Proposition 12.91 to H it follows 

f(y)>C^W[r(X T J;X TXa ?B 3s/2 ] 



-ci-r- sup / / (z)n(v,z-v)dz. 

t\ r ) v£B(x ,2r) J B{x ,At) c 

Combining the last display with the assumption (13.61) and the definition of ( in (13. 3p 
gives 

f(y) > C^TjK - K = (K (2 - §) > (K for all y G B(x, As), 
which is a contradiction to (13. 5j) . Therefore E, x [H(X TXs )} > rjK . 

Let M = sup„ eB3s/2 f{v). Then 

K = f{x) = W[f{X To )- T c < r s ] + E x [f(X Ts ); r s < T c , X Ta G B 3s/2 ) 
+ W[f(X Ts );r s <T c ,X Ts g B 3s/2 ] 
< (KW(T C < r s ) + M(l - W*{T C < r a )) + r,K 

and thus 

M > l-r]-(F*(T c <T s ) 
K ~ 1 - F*(T C < T a ) 

From the last display we conclude that M > K(l + 2/3) with (3 = + 2 > 0. 

Thus there exists x' G B(x, f ) so that f(x') > K(l + (3). 

Using this procedure we obtain sequences (x n ) and (s n ) such that x n+ i G B(x n , ^) 
and K n := f(x n ) > (1 + f3) n - l K. Thus 



\x n+1 -Xi\ < Si < c 5 (§) 



J: \ 

n=l n=l 

for some constant C5 > 0. 



If K > K cf, then (x n ) is a sequence in B(x , y) such that 

lim f(x n ) > lim (1 + P) 71 ' 1 ^ = 00. 
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r4\ 



This is a contradiction with the boundedness of / and so K < cfK . Thus 
sup f(v)<c d K 

veB(xo,r) 



4 ( 1 + ttt SU P / / (z)n( v , z-v)dz\ . 

H r J v£B(x Q ,2r) JB(x ,4:r) c 



Now, let x,y G B(xo,r). Then 



/(a?) < c 5 ( 1 + -7— sup / / (z)n(v, z - v) dz 

£\ r ) v£B(x ,2r) J B(x ,4r) c 



<24f(y) + c d 5 ^— sup / / {z)n{v,z-v)dz. 

£{ r ) v£B(x ,2r) J B(x ,4r) c 

The proof is complete. □ 



4. Regularity estimates 

In this section we prove a general tool that allows to deduce regularity estimates 
from the version of the Harnack equality given in Theorem 11.21 This approach is 
developed in |Kasj . see also Theorem 3 in [DKJ. 

Theorem 4.1. Let m: M. d x (M. d \ {0}) — > [0, oo) be a measurable function such that 
sup | Kl! (|/i| 2 Al)m(i, /i) c(/j is finite. Assume there is a function 7 : (0, 00) — > (0, 00) 



such that for all x, h G M. d , h ^ 

k[^ im < m{X:h) < im: ( 4.i) 

where k : S^ 1 — > [0, 00) is a measurable bounded symmetric function such that 
there is 5 > and a non-empty open set I C S^ 1 with > 5 for every £ G I. 
Furthermore, assume that 



limsupi?* 71 / 7(|u|)du<l, liminfr' 72 / 7(H) dw>l, (4.2) 

B(0,iJ) c B(0,r) c 

< o~\ < a 2 . Let C be a non-local operator defined by 

Cf(x) = [ (f(x + h)- f(x) - (V/(x), h) l {mi} )mix, h) dh (4.3) 



forfeCZ(R d ). 

Assume that harmonic functions with respect to C satisfy a Harnack inequality, i.e. 
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there exist constants c±, c 2 > 1 such that for every xo G R d , r G (0, |) and for every 
bounded function /: R d — )■ R which is non-negative in B(xo,4r) and harmonic in 
B(xq, 4r) t/ie following Harnack inequality holds for all x, y G B(xq, r) 

f(x) < cxf(y) + c 2 M(x ,r) sup / f~(z)m(v, z - v) dz , (4.4) 

yeB(x ,2r) J B(x ,4r) c 

where M(x ,r) = (J B(xoAr)c m(x , z - x ) dz)- 1 . 

Then there exist ^ 6 (0,1), c > 1 such that for every Xq G R d , every R G (0, 1), 
every function f : R d — > R which is harmonic in B(xq, R) and every p G (0, R/2) 

sup |/(x)-/(y)|< C ||/|| 0O (p/ J R)' 3 . (4.5) 

x-,ye_B(a;o,p) 



Remark: Conditions (14.11) . (14.21) . (14. 3p do not imply in general that C satisfies a 
Harnack inequality, see the discussion of Example 2. 

Let us illustrate this result by giving two examples. 

Example 3: m(x, h) = \h\- d - a , i.e. k = 1, j(t) = t~ d - a , a x = a 2 = a. Then 
C = c(a)A a / 2 . The Harnack inequality (14. 4p then becomes 

f(x)<cj(y) + c 2 r a [ f-(z)\z~x \' d - a dz, (4.6) 

and the theorem can be applied. Note that the function / in (14.61) might be negative 
outside of -B(x ,4r). 

Example 4: m(x,h) x \h\~ d ~ a , i.e. k = 1, j(t) = t~ d - a , a x = a 2 = a, cf. [BL02| . 
The Harnack inequality can be formulated as in (14. 6p . 



Proof of Theorem l.J\ We apply Theorem 14.11 Let k = k\ as in (ll.4p and 1 = B\ 
as in (II. 5p . Set m(x,h) = n(x,h), j(t) = j(t), U\ = a and a 2 = a — e where 
e G (0,a — a) is arbitrary. Then the first condition in (14. 2 p follows from (J3). The 
second condition follows from 



"OO 

s^jis) ds = r a ~ £ I s- 1 - a ^(s) ds ~ (l/a)r~ £ £(r) +oo for r 0+ , 

where we use Proposition 12.21 (ii). It remains to check that there is a constant c > 
such that for every Xq G R d and every r G (0, |) 

——< cM(x ,r), i.e. / m(a;o, £ — ^o) ^ < c ■ 

"\ r ) J B(x ,4r) c r " 
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This condition follows from 

f m(x ,z - x )dz < [ j(\z-x \)dz<ca^^<cj^-, (4.7) 

JB(x ,4r) c J B{x Ar) c V 4T / T 

where we use Proposition 12.21 (ii) again. □ 



Proof of Theorem J^.l. For Xq G R and r G (0,1) let v% denote the measure on 
B(x ,r) c defined by 

A B(x ,r) c 

for every Borel set A C B(xo,r) c . With some positive constant C5 > 1 depending 
on we obtain for every bounded function / : M. d — > R 



M(xo,r) sup / / (z)m(x, z — x) dz 

x£B(x ,r/2) J 

B(xo,r) c 

< c s( I l{\y-M) d v) SU P / f~{z)l{\z-x\)dz. 



zGBOo,r/2) 

_B(x ,r) c _B(x ,r) c 

This observation together with the main assumption of the theorem ensures that 
there exist constants c±,C2 > 1 such that for every such Xo G R d , r G (0,1) and 
every bounded function /: M. d — > R which is non-negative in B(xo,r) and harmonic 
in B(xq,v) the following estimate holds 

sup f < ci inf / + c 2 sup / f~(z)u*(dz). (4.8) 

B(x ,r/4) B(x 0l r/4) ieB(i ,r/2) J 

B(a;o,r) c 

We aim to apply Lemma 11 from |DK] . Note that it is not important for the 
application of |DK| Lemma 11] whether harmonicity is defined with respect to an 
operator C or some Dirichlet form. Assumption ( 14. 2 p implies that there are c% > 1 
and R > 1 such that for every R > R , r G (0, 1) and x G B(x ,r/2) 



7(\z-x\)dz<c 6 R- ai (4.9) 

B(x ,R) c 

Moreover, there is C7 > 1 with 

j(\z - x \) dz) 1 < c 7 r a2 . (4.10) 



B(xo,r) c 
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Estimates flUD and (14101) imply: 

3c 8 > 1 Vr G (0, 1) 3j > 1 Vj > j Vx G B(x , : 
z/ r z (5(x ,2 J r) c ) < c 8 (2 J r)- CT1 r CT2 < c 8 2- CTJ . 

Recall that we assumed o\ < 02- Note that 2~ CT < 1 and Cg — >■ 1 for j — >■ 00. We 
finally proved 

sup limsup^rj) 1 ^ < 1, where r^rj := sup u^(B(xq, 2 jf r) c ) < 00 . (4.11) 

0<r<l j-s>oo ieB(io,r/2) 

Lemma 11 from [DK] can be applied. The proof is complete. □ 



Appendix 

We explain the geometric arguments behind the proof of Proposition 12.91 

Given 77 G S^ 1 and p > we define a cone V(rj, p) C M. d as follows. Set 

S( V , p) = (B( V , p) U B(- V , pj) n S^ 1 and Vfa, p) = {x G ^ 0, g G S(r?, p)} . 

From now on, we keep 77 G S^ -1 and p > fixed and write V instead of V(r/, p). 
Choose i? G (0, |] so that p 2 = 2(1 - costf). 

Using a simple geometric argument one can establish the following fact: 

Let A G (0, x G M. d , r G (0,2), w G 5 Ar (x ) and 2 G B(x , f ) c . Assume 

2 G Mo + V. Set £0 = x — G 8B(xq, |) where £ G {+?7, —77} is chosen so that 
(2 — «0)£) > 0, see Figure [21 Then the choice of A implies 

(1) B(x Q ,2Xr) C fl (u + V) . 

u<=B(x ,2\r) 

Moreover, there is z G 8B(xq, |) such that 

(2) s(z ,f)c n , 

^eB(i'o,2Ar) 

(3) zG n («> + V) , 

(4) 1 2 - z | < k - 2Co| 

and thus |z — iu| < \z — u\ for all u G B(xq, A\r),w G S(z , x) ■ 
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Figure 2. The choice of x and z . 

These conditions assure that the Markov jump process under consideration has a 
strictly positive probability to jump from a neighborhood of xq via neighborhoods 
of xq and zq to z. One could avoid the introduction of Zq and let the process jump 
directly from the neighborhood of Xq to z but this would result in a slightly stronger 
assumption than (J2). 
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